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The local physical properties of an isolated quantum statistical system in the stationary state reached long
after a quench are generically described by the Gibbs ensemble, which involves only its Hamiltonian and the
temperature as a parameter. If the system is instead integrable, additional quantities conserved by the dynam-
ics intervene in the description of the stationary state. The resulting generalized Gibbs ensemble involves a
number of temperature-like parameters, the determination of which is practically difficult. Here we argue that
in a number of simple models these parameters can be effectively determined by using fluctuation-dissipation
relationships between response and correlation functions of natural observables, quantities which are accessible
in experiments.
PACS numbers: PACS
I. INTRODUCTION
A question of fundamental relevance in the physics of
many-body quantum systems is under which conditions and
in which sense they can reach an eventual equilibrium state
after evolving in isolation from the surrounding environment.
With this issue is mind, a considerable theoretical and experi-
mental effort is currently devoted to studying the dynamics of
these systems from various perspectives [1–3].
A statistical system reaches a steady state if the long-time
limit of the reduced density matrix of any of its subsystems ex-
ists. This means that, given a generic local observable within
the latter, its expectation value on the (unitary) evolution of the
initial state |ψ0〉 can be alternatively determined as a statistical
average over an ensemble with density matrix ρˆ. Accordingly,
local multi-time correlation functions within a subsystem can
be determined either from the dynamics or, equivalently, as
averages over ρˆ.
In an isolated non-integrable system with Hamiltonian
Hˆ , the statistical density matrix ρˆ is the familiar Gibbs-
Boltzmann one, i.e., ρˆ = Z−1e−βHˆ in which the in-
verse temperature β is fixed by the conservation of energy,
〈ψ0|Hˆ|ψ0〉 = Tr(ρˆHˆ) and Z is the partition function. In
an integrable system, instead, the needed statistical ensem-
ble is expected to be the so-called generalized Gibbs ensem-
ble (GGE) [4] ρˆGGE, which, as detailed further below in
Sec. II, involves the set of mutually commuting, (quasi-)local
[5] charges Qˆk which are conserved by the dynamics and the
associated parameters λk — a sort of inverse temperatures —
with as many elements as necessary. Although in principle
feasible, constructing ρˆGGE can be notably difficult, as iden-
tifying all the Qˆk’s [6] is not always simple. Once this is
done, the values of the parameters λk can be determined as
one does for the temperature in the canonical ensemble, i.e.,
by requiring that the expectation value of each Qˆk calculated
on ρˆGGE matches the (conserved) initial value 〈ψ0|Qˆk|ψ0〉.
In this respect, the λk’s are nothing but the Lagrange multi-
pliers used to enforce a set of constraints. It was stressed in
Ref. [7] that these multipliers appear also in the generalized
thermodynamic Bethe ansatz analysis of a class of models,
not individually, but in certain combinations. However, nei-
ther viewpoint on the λk’s provides a straightforward means
to characterize them in experiment.
In practice, the values of the λk’s can be inferred by fitting
various other quantities with the theoretical predictions stem-
ming from the corresponding theoretical model in its asymp-
totic state described by ρˆGGE. This route was followed in
Ref. [8], in which the equal-time spatial correlation functions
of the relative phase between two halves of a one-dimensional
Bose gas after splitting are compared, during relaxation, with
the predictions of the low-energy Luttinger liquid description
of the corresponding Lieb-Liniger model. The ten most rel-
evant λk’s were thus determined as fitting parameters. How-
ever, due to its indirect nature, it is a priori unclear how far
this procedure can be pushed before reaching severe statis-
tical limitations. Accordingly, it is the aim of this work to
propose a direct and convenient way to determine the λk’s,
analogous to the one available when the stationary state is de-
scribed by the canonical Gibbs ensemble. In this case, the
only unknown parameter β can be determined by measuring
dynamical quantities such as fluctuation-dissipation relations
(FDR’s).
FDR’s establish a link between the time-delayed correla-
tion and linear response functions: In Gibbs-Boltzmann equi-
librium these FDR’s have a universal form, which is indepen-
dent of the specific system and observable under study inas-
much as they just involve the temperature β−1 of the system.
While they emerge quite naturally for classical and quantum
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2systems in contact with an equilibrium environment [9, 10],
the FDR’s follow also from the so-called eigenvalue thermal-
ization hypothesis [11–13] for isolated quantum systems. Out
of canonical equilibrium, instead, these relations can actually
be used in order to quantify the departure from equilibrium.
One way to do this — which has been pioneered in studies of
complex systems in contact with thermal baths — is to replace
the equilibrium temperature by time- or frequency-dependent
parameters [10, 14, 15] which play the role of non-equilibrium
effective temperatures.
In this work we show that the Lagrange multipliers λk’s
of the GGE of a number of isolated (non-interacting) inte-
grable systems which reach a stationary state can be read from
the FDR’s of properly chosen observables. We first present a
generic argument supporting this statement, which is then il-
lustrated with a number of examples: a change of the mass of
a bosonic field theory and quenches of the superlattice poten-
tial of hard-core bosons in one dimension, of the interaction
in the Lieb-Liniger model, and of the transverse field in the
quantum Ising chain. For the latter, we briefly recall and ex-
tend published results, that should be relevant to experimental
checks.
II. GGE AND FDR’S
In order to present our approach for determining the param-
eters which define the generalized Gibbs ensemble (GGE), we
first recall the definition of the GGE in Sec. II A and then dis-
cuss how they can be inferred from the fluctuation-dissipation
relations (FDR’s) in Sec. II B.
A. The generalized Gibbs ensemble
Consider a generic integrable system with Hamiltonian Hˆ
and a set of conserved charges {Qˆk} which commute with
Hˆ . The GGE density matrix ρˆGGE is obtained by maximiz-
ing the von Neumann entropy S[ρˆ] = ρˆ ln ρˆ under the con-
straints that the expectation value 〈Qˆk〉GGE = Tr(QˆkρˆGGE)
of each charge Qˆk on this GGE equals the corresponding
value 〈ψ0|Qˆk|ψ0〉 taken on the initial state |ψ0〉, which is con-
served by the evolution. Under these conditions ρˆGGE takes
the form
ρˆGGE = Z
−1
GGE e
−∑k λkQˆk , (1)
where λk are the Lagrange multipliers enforcing the con-
straints and ZGGE is a normalization factor.
B. The fluctuation-dissipation relations
Take a system in a stationary state described by a generic
density matrix ρˆ and set the units such that ~ = 1. The time-
dependent correlation C and linear response function R of a
generic observable Aˆ can be expressed as [9]
C(t2, t1) =
1
2
〈[Aˆ(t2), Aˆ†(t1)]+〉, (2)
R(t2, t1) = i〈[Aˆ(t2), Aˆ†(t1)]−〉 θ(t2 − t1), (3)
where [Xˆ, Yˆ ]± ≡ XˆYˆ ± Yˆ Xˆ , the expectation value 〈· · · 〉
is calculated over ρˆ, while θ(t) = 0 for t < 0 and 1 other-
wise. By using the Lehmann representation, both C and R
can be expressed as sums over a complete basis of eigenstates
{|n〉}n≥0 of the Hamiltonian Hˆ , with increasing eigenvalues
En. Taking the Fourier transform of Eqs. (2) and (3) with
respect to t2 − t1 one finds
C(ω)=pi
∑
m,n≥0
δ(ω + En − Em)|Anm|2(ρnn + ρmm), (4)
ImR(ω)=pi
∑
m,n≥0
δ(ω + En − Em)|Anm|2(ρnn − ρmm), (5)
where Amn = 〈m|Aˆ|n〉 and ρnn = 〈n|ρˆ|n〉. The FDR in
the frequency domain is the ratio between these two quanti-
ties which, in full generality, can be parametrized in terms of
a frequency- and observable-dependent effective temperature
β−1eff as
ImR(ω)/C(ω) = tanh (βeff(ω)ω/2) . (6)
For fermionic Aˆ’s, C(ω) and ImR(ω) are exchanged in the
equation. Clearly, these two functions do not vanish only if ω
takes values within the discrete set {Em −En}m,n≥0 (due to
the delta functions in Eqs. (4) and (5) and the corresponding
matrix element Anm of the operator Aˆ does not vanish.
In the case of Gibbs-Boltzmann equilibrium there is a sin-
gle charge, ρnn ∝ exp(−βEn), and one immediately realizes
that, for any bosonic Aˆ, Eqs. (4) and (5) imply the celebrated
fluctuation-dissipation theorem
ImR(ω) = tanh(βω/2) C(ω), (7)
for all frequencies ω. Thus, this equation allows us to read
the inverse temperature β by simply taking the ratio between
ImR(ω) and C(ω).
In contrast, for the GGE, ρnn ∝ exp(−
∑
k λkQkn) with
Qkn = 〈n|Qˆk|n〉. The presence of several charges makes the
relationship between C(ω) and ImR(ω) for generic observ-
ables much more complicate than Eq. (7). However, by prop-
erly choosing the observable Aˆ we can extract the λk’s from
the corresponding FDR. Let us show how this works, starting
from a non-interacting Hamiltonian in its diagonal form
Hˆ =
∑
k
k ηˆ
†
kηˆk, (8)
where the ηˆk’s are creation operators for bosonic or fermionic
excitations of energy k, labeled by a set of quantum num-
bers {k}. The operators ηˆk satisfy canonical commutation or
anti-commutation relations. The mutually commuting num-
ber operators Qˆk = ηˆ
†
kηˆk, are the conserved charges. The
GGE density matrix is given by Eq. (1) with Qˆk = ηˆ
†
kηˆk,
3while βk ≡ λk/k defines a mode-dependent inverse “effec-
tive temperature”. We now take an operator Aˆ of the form
Aˆ =
∑
k
(αkηˆk + α
∗
kηˆ
†
k), (9)
where αk are some complex coefficients. By plugging this Aˆ
in Eqs. (4) and (5) and taking their ratio for ω = ωk ≡ k, in
the absence of degeneracies with respect to k, we obtain:
ImR(ωk)
C(ωk)
= tanh
(λk
2
)
= tanh
(βkk
2
)
. (10)
Accordingly, the βk’s or, alternatively the λk’s, can be ex-
tracted from the ratio ImR(ω)/C(ω), independently of the
value of the αk’s or of the other Lagrange multipliers, by sim-
ply choosing an adequate observable Aˆ and the frequency ω
which selects a certain mode. Note that one is not restricted
to operators of the form (9), as the observable could be a
many-body operator, as long as it involves a simple sum over
one k-mode, such as, e.g., Aˆ =
∑
k αkηˆ
†
kηˆ
†
k+k1
ηˆk+k2 ηˆk+k3 ,
with fixed k1,2,3. In addition, one should also require that
the energy differences En − Em between each possible pair
of many-body eigenstates with non-vanishing matrix elements
Anm (see Eqs. (4) and (5)) are not degenerate, apart from triv-
ial symmetries such as those related to spatial inversion.
III. FOUR EXAMPLES
We show in this Section how to use the general strategy
outlined in Sec. II to determine the λk’s of four rather simple,
but experimentally relevant, integrable models.
A. The bosonic free field
The bosonic free field theory is defined by
Hˆ =
1
2
∫
ddx
[
pˆi2(x) + (∂xφˆ(x))
2 +m2φˆ2(x)
]
, (11)
where φˆx and pˆix are canonically conjugated operators and
m is the mass. For simplicity, we consider here the case of
one spatial dimension d = 1 in the thermodynamic limit, as
the generalization to d > 1 and finite volume is straightfor-
ward. We consider the effect of an instantaneous change in
the mass [16–18] by preparing the system in the ground state
with mass m0, and later evolving it with a different mass m.
This Hamiltonian can be diagonalized by introducing bosonic
creation and annihilation operators {bˆ†k, bˆk} with a dispersion
relation k(m) =
√
m2 + k2. The conserved quantities are
Qˆk ≡ bˆ†k bˆk with
nk ≡ 〈Qˆk〉 = (k − 0k)2/(4k0k) , (12)
where k = k(m) and 0k = k(m0), while the associated
Lagrange multipliers in the GGE read [16]
λk = 2 ln
∣∣(k + 0k)/(k − 0k)∣∣ . (13)
A convenient observable to extract the λk’s from an FDR turns
out to be Aˆ = φˆk. The stationary contributions to its corre-
lation and response functions (the non-stationary ones vanish
upon averaging over the earliest time) are
C(t) = (42k
0
k)
−1 (2k + 
0
k
2
) cos(kt), (14)
R(t) = (2k)
−1 sin(kt) θ(t), (15)
where t = t2 − t1. The FDR ratio at ω = ωk ≡ k reads
ImR(ωk)/C(ωk) = tanh(λk/2), (16)
with λk given by Eq. (13). Using the results in Ref. [17] one
can easily verify that this equality holds also for quenches
from thermal initial states, with the corresponding λk’s.
Moreover, in the classical limit, i.e., in a system of inde-
pendent and classical harmonic oscillators evolving after a
quench of the oscillator’s frequencies, there is a similar link
between the FDR and the parameters describing the station-
ary probability distribution, not only for thermal but also for
generic initial conditions.
B. Hard-core bosons in one spatial dimension
Let us now turn to a one-dimensional system of hard-core
bosons prepared in the ground state of a superlattice potential
of strength ∆, later subject to a quench [19–21]. This problem
maps onto a free-fermion Hamiltonian,
Hˆ0 =
L∑
i=1
[−fˆ†i fˆi+1 − fˆ†i+1fˆi + ∆(−1)ifˆ†i fˆi] , (17)
where we assume periodic boundary conditions. The ground
state displays correlations, also referred to as bipartite entan-
glement, since 〈fˆ†k+pi fˆk〉 6= 0. The quench consists in switch-
ing off the potential at time t = 0, i.e., in setting ∆ = 0 for
t > 0. The conserved charges Qˆk are the occupations of the
fermionic modes, Qˆk = fˆ
†
k fˆk for k ∈ [−pi, pi], with [20, 21]
nk = 〈Qˆk〉 = (1− k/0k)/2, (18)
where 0k =
√
4 cos2 k + ∆2 and k = −2 cos k. The expres-
sion of the λk’s in terms of the k’s and 0k’s turns out to be for-
mally identical to 1/2 of the r.h.s. of Eq. (13). For |∆|  |k|,
λk → 2k/|∆| and the GGE reduces to the Gibbs-Boltzmann
form with temperature |∆|/2. A natural observable to extract
the λk’s from the FDR is the density ρˆ(q, t) of bosons which,
in Fourier space, reads
ρˆ(q, t) =
∑
k
e−i(k−k−q)t fˆ†k−q fˆk. (19)
The corresponding correlation and response functions can be
obtained from 〈[ρˆ(q, t2), ρˆ(−q, t1)]±〉 in the stationary limit:
C(q, t)=
∑
k
e−i(k−k−q)|t|
(
nk−q + nk
2
− nk−qnk
)
,(20)
R(q, t)= iθ(t)
∑
k
e−i(k−k−q)t(nk−q − nk), (21)
4with t = t2 − t1 and q 6= 0, pi. After a Fourier transformation
with respect to t, the frequency ω selects the values of k in
the sum such that ω = ωk,q ≡ k − k−q . For a given q,
this condition is satisfied by two values k1(q, ω) and k2(q, ω).
If we choose ω = ωq ≡ 2(q+pi)/2, these k’s are forced to
coincide: k1,2 = kq ≡ (q+pi)/2, thus selecting a single mode
in the sum. The FDR then becomes a simple ratio between the
factors in parentheses in the sums that, in turn, can be recast as
functions of the λq’s for this model. Exploiting their explicit
expressions, we finally obtain
ImR(q, ωq)/C(q, ωq) = tanhλkq . (22)
C. The Lieb-Liniger model
A closely related example is provided by the quench of the
Lieb-Liniger Hamiltonian [22], which describes the behaviour
of bosons in d = 1 with pairwise delta-interactions,
Hˆ=
∫
dx [∂xφˆ
†(x)∂xφˆ(x) + c φˆ†(x)φˆ†(x)φˆ(x)φˆ(x)], (23)
where φˆ is the canonical bosonic field and c is the coupling
constant. The system is prepared in the ground state of the
non-interacting Hamiltonian with c = 0 and a particle den-
sity %: A quench of the interaction strength is then per-
formed such that the subsequent dynamics occur with c →
∞ [23]. In this limit the Hamiltonian can be written in terms
of hard-core bosons Φˆ(x). A Jordan-Wigner transformation
maps the Hamiltonian of these bosons onto the one of free
fermions {fˆk} and, after a Fourier transform, it becomes:
Hˆ =
∑∞
k=−∞ kfˆ
†
k fˆk, where k = k
2. As in Eq. (18) the
fermionic occupation numbers nk = 〈fˆ†k fˆk〉 are conserved
with [23]
nk = 4%
2/(k + 4%
2) and λk = ln(k/(4%2)). (24)
The connected density-density correlation function was cal-
culated in Ref. [23] and, in the stationary limit, it reads
〈ρˆ(q, t2)ρˆ(−q, t1)〉
=
∫
dk
2pi
e−i(k−k−q)(t2−t1) nk−q(1− nk),
(25)
from which we find that the symmetrized correlation and lin-
ear response functions are, in terms of the nk’s, formally iden-
tical to Eqs. (20) and (21), respectively. In this case, for a fixed
value of q, each frequency ω selects a single mode k such that
ω = ωk,q = k − k−q = 2kq − q2 and the FDR takes the
form
ImR(q, ω)/C(q, ω)|ω=ωk,q = tanh ((λk − λk−q)/2) .
(26)
The λk’s — given by Eq. (24) — can be extracted one by one
from this formula. This is achieved by evaluating the ratio on
its l.h.s. (equal to 2q2ω/(q4 +ω2)) for fixed q at the particular
frequency ω = ωq ≡ ±q
√
16%2 + q2, which selects the mode
kq ≡ (q2 + ωq)/(2q) and turns Eq. (26) into Eq. (22).
In Fig. 1 we show the plot of the ratio ImR/C as a function
of q and ω for the quench of the periodic potential studied in
Sec. III B (left) and for the quench of the Lieb-Liniger model
discussed here (right). In both cases the dashed line indicates
the values of (q, ω) for which Eq. (22) holds.
D. The quantum Ising chain in a transverse field
These ideas can also be applied to magnetic systems. Con-
sider, for example, the quantum Ising spin chain in a trans-
verse field, with periodic boundary conditions,
Hˆ = −
L∑
j=1
(
σˆxj σˆ
x
j+1 + Γσˆ
z
j
)
, (27)
where σˆx,zj are the standard Pauli matrices, and prepare it
in the ground state with Γ = Γ0. The quench consists in
a change Γ0 → Γ by a finite amount. After subsequent
Jordan-Wigner and Bogolioubov trasformations the system
becomes a set of non-interacting fermions with dispersion
k(Γ) = 2
√
1 + Γ2 − 2Γ cos k. The conserved quantities are
the mode occupation numbers nk = 〈Qˆk〉 = 〈fˆ†k fˆk〉 as in
Eq. (18) with k = k(Γ), 0k = k(Γ0), and [24–29]
λk = 2 arctanh
(
4
ΓΓ0 − (Γ + Γ0) cos k + 1
k(Γ)k(Γ0)
)
. (28)
A natural observable for extracting λk’s is the total transverse
magnetization Mˆzq=0(t), where
Mˆzq (t) =
1
L
L∑
j=1
eiqj σˆzj (t), (29)
that can be written as a bi-linear combination of the fermionic
creation and annihilation operators fˆ†k and fˆk. The FDR for
(connected) correlations of this observable at q = 0 was calcu-
lated in Refs. [28, 29] (in particular, see Sec. 4.2 and Eq. (73)
in Ref. [29]) and it was there recognized that the λk’s arise
from this FDR in a similar way to what we have already ex-
plained for other models. Another operator accessible in the
laboratory is the Fourier transform of the two-time correlation
and response functions of the transverse spin σˆzj (t), that can
be expressed in terms of [Mˆzq (t2), Mˆ
z
−q(t1)]±. It is then nat-
ural to ask whether the λk’s in Eq. (28) measured using q = 0
are compatible with the ones that one can extract from mea-
surements at q 6= 0. This is indeed the case. For example, for
−qmax ≤ q ≤ qmax with qmax = 2 arccos min{Γ,Γ−1} one
can check that the λk’s satisfy
ImR(q, ωk,q)/C(q, ωk,q) = tanh ((λk + λk+q)/2) ,(30)
where the measuring ω selects the k such that ω = ωk,q ≡
k + k+q , as detailed in Appendix A.
If the chain is prepared, instead, in a pre-quench state in
equilibrium at temperature β−10 , the corresponding λk’s are
given by Eq. (28) in which the term in square brackets is mul-
tiplied by 1−2n0k, where n0k = (1+eβ0
0
k)−1 is the pre-quench
population. A direct but long calculation shows that also these
λk(β0)’s are recovered from Eq. (30).
5Figure 1. (Color online) Contour plots of ImR(q, ω)/C(q, ω) as a
function of q and ω for the quench of hard-core bosons in the super-
lattice potential with ∆ = 0.5 (left) and for the Lieb-Liniger model
(right). The dashed lines indicate the values of this ratio which are
relevant for determining λk’s, as explained in the main text. Due to
the presence of the lattice, the ratio on the left panel is defined only
within the domain shown.
IV. CONCLUSIONS
We have explained how the complete set of Lagrange mul-
tipliers λk’s of a GGE can be obtained at once from a single
measurement of time-delayed correlation and linear response
functions of suitable physical observables, that are within ex-
perimental reach. We focused our analysis on the steady
state of integrable systems but our arguments are sufficiently
general to be also applicable to quasi-stationary prethermal
states described by a GGE. Although we discussed primar-
ily quenches from ground states, the proposed approach is vi-
able also for generic initial states, including thermal ones. In
practice, having in mind the experimental setting of Ref. [8],
one should measure the space-time dependent correlation and
response functions of the bosonic density and calculate their
Fourier transforms in both space and time. By sweeping the
corresponding momenta and frequencies in the manner de-
scribed above for, e.g., the Lieb-Liniger model, one then ex-
tracts all λk’s.
We are currently working on the extension of these ideas
to interacting systems, such as quenches to generic c in the
integrable Lieb-Liniger model in Eq. (23) — using methods
employed in Ref. [30, 31] or the quench action approach [32]
— or in the solvableO(N) model forN →∞, which features
a variety of dynamical phases with different properties but has
no obvious GGE description, see, e.g., Refs. [33, 34].
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Appendix A: Quench of the Ising spin chain
This Appendix provides some details on the solution of the
analysis of the quantum Ising spin chain. We recall in Sec. A 1
the solution of the post-quench dynamics of this model. In
Sec. A 2 we calculate the correlation and response functions of
the transverse magnetization, and we show how the Lagrange
multipliers λk of the GGE of can be determined on the basis
of their FDR.
1. Post-quench dynamics
The Hamiltonian of the quantum Ising spin chain, reported
in Eq. (27), can be diagonalized by means of a Jordan-Wigner
transformation and a Fourier transform which maps spins into
fermions {cˆk, cˆ†−k}k. The dynamics of these fermions after
a quench of the transverse field Γ0 → Γ can be exactly de-
termined in terms of the quasi-particles {γˆΓ0k , γˆΓ0 †−k }k which
diagonalize the pre-quench Hamiltonian Hˆ(Γ0), as explained,
e.g., in Ref. [29], which we refer to for additional details as
well as for the notation adopted here. In particular, the evolu-
tion of the fermions reads:(
cˆk(t)
cˆ†−k(t)
)
=
(
uΓ,Γ0k (t) −[vΓ,Γ0k (t)]∗
vΓ,Γ0k (t) [u
Γ,Γ0
k (t)]
∗
)(
γˆΓ0k
γˆΓ0 †−k
)
,
(A1)
where
{
uΓ,Γ0k (t) = e
−iΓkt cos θΓk cos(θ
Γ
k − θΓ0k ) + ei
Γ
kt sin θΓk sin(θ
Γ
k − θΓ0k ),
vΓ,Γ0k (t) = ie
−iΓkt sin θΓk cos(θ
Γ
k − θΓ0k )− iei
Γ
kt cos θΓk sin(θ
Γ
k − θΓ0k ),
(A2)
with Γk ≡ k(Γ) = 2
√
1 + Γ2 − 2Γ cos k, while the so-
called Bogoliubov angles θΓ,Γ0k are determined by solving
tan(2θΓk ) = (sin k)/(Γ − cos k), with the important prop-
erty that θΓ−k = −θΓk , which turns out to be useful later on.
6The initial state of the evolution, i.e., the ground state of the
pre-quench Hamiltonian Hˆ(Γ0) is actually the vacuum of the
fermionic quasi-particles {γˆΓ0k , γˆΓ0 †−k }k. For convenience, be-
low we denote by ∆k ≡ θΓk − θΓ0k the difference between the
angles appearing in Eq. (A2), which however differs from the
notation ∆k ≡ 2(θΓk − θΓ0k ) used in Ref. [29].
2. FDR for the transverse magnetization
According to the definition of Mˆzq in Eq. (29), we consider
the quantity,
〈Mˆzq (t1)Mˆz−q(t2)〉c =
= 〈Mˆzq (t1)Mˆz−q(t2)〉 − 〈Mˆzq (t1)〉〈Mˆz−q(t2)〉
= 4
∑
k1,k2
〈cˆ†k1+q(t1)cˆk1(t1)cˆ
†
k2
(t2)cˆk2+q(t2)〉,
(A3)
where we used the fact that σˆzj = 1 − 2cˆ†j cˆj in terms of the
fermions, see, e.g., Ref. [29]. Substituting the explicit expres-
sions for the evolution of the fermionic operators provided by
Eq. (A1) and taking the expectation value on the pre-quench
ground state, one obtains (for q 6= 0, with additional contribu-
tions for q = 0)
〈Mˆzq (t1)Mˆz−q(t2)〉c = 4(A+B), (A4)
with
A ≡
∑
k
vk+q(t1)uk(t1)u
∗
k(t2)v
∗
k+q(t2) (A5)
and
B ≡
∑
k
vk+q(t1)uk(t1)u
∗
k+q(t2)v
∗
k(t2). (A6)
In order to simplify the notation, we omitted the superscripts
Γ,Γ0 from Eq. (A1). We are interested in the stationary limit
of the correlation function in Eq. (A4). Keeping solely the
terms that depend only on t ≡ t2 − t1, one obtains
A =
∑
k
[
ei(k+q+k)t (sin θk+q cos ∆k+q cos θk cos ∆k)
2
+ ei(k+q−k)t (sin θk+q cos ∆k+q sin θk sin ∆k)
2
+ e−i(k+q−k)t (cos θk+q sin ∆k+q cos θk cos ∆k)
2
+ e−i(k+q+k)t (cos θk+q sin ∆k+q sin θk sin ∆k)
2
] (A7)
B =
∑
k
[
ei(k+q+k)t sin θk cos
2 ∆k cos θk+q sin θk+q cos
2 ∆k+q cos θk
− e−i(k+q−k)t sin θk cos2 ∆k cos θk+q sin θk+q sin2 ∆k+q cos θk
− ei(k+q−k)t cos θk sin2 ∆k cos θk+q sin θk+q cos2 ∆k+q sin θk
+ e−i(k+q+k)t cos θk sin2 ∆k cos θk+q sin θk+q sin2 ∆k+q sin θk
]
,
(A8)
where, for convenience, we simplified the notation by omit-
ting the superscript Γ in Γk , as no confusion can arise.
Accordingly, the stationary part of Eq. (A4) is given by
〈Mˆzq (t1)Mˆz−q(t2)〉statc = 4
∑
k
[
A
(1)
12 +B
(1)
12 +B
(2)
12 +A
(2)
12
]
where
A
(1)
12 = e
i(k+q+k)t cos2 ∆k sin θk+q cos
2 ∆k+q cos θk sin(θk + θk+q)
B
(1)
12 = e
−i(k+q−k)t cos2 ∆k cos θk+q sin2 ∆k+q cos θk cos(θk + θk+q)
B
(2)
12 = e
i(k+q−k)t sin2 ∆k sin θk+q cos2 ∆k+q sin θk(− cos(θk+q + θk))
A
(2)
12 = e
−i(k+q+k)t sin2 ∆k cos θk+q sin2 ∆k+q sin θk sin(θk+q + θk).
(A9)
The correlation and response functions C and R of the mag-
netization Mˆzq are defined, as usual, using the commutator
and anti-commutator of Mˆzq (t1) and Mˆ
z
−q(t2) [see Eqs. (2)
and (3)], which can be determined from the previous expres-
sions. In particular, considering the commutator and anti-
commutator 〈Mˆzq (t1)Mˆz−q(t2)〉statc ∓〈Mˆz−q(t2)Mˆzq (t1)〉statc one
7has, respectively:
A
(1)
12 ∓A(1)21 +A(2)12 ∓A(2)21 = sin(θk + θk+q)
(
cos2 ∆k cos
2 ∆k+q ∓ sin2 ∆k sin2 ∆k+q
)
×
[
ei(k+k+q)t sin θk+q cos θk ∓ e−i(k+k+q)t cos θk+q sin θk
] (A10)
B
(1)
12 ∓B(1)21 +B(2)12 ∓B(2)21 = cos(θk + θk+q)
(
cos2 ∆k sin
2 ∆k+q ∓ sin2 ∆k cos2 ∆k+q
)
×
[
ei(k−k+q)t cos θk+q cos θk − e−i(k−k+q)t sin θk+q sin θk
]
,
(A11)
whereA(i)21 andB
(i)
21 are obtained from the correspondingA
(i)
12
and B(i)12 by replacing t with −t and by exchanging the sub-
scripts k + q and k in the previous expressions. Taking the
Fourier transform in time of the stationary parts of C(t2, t1)
and R(t2, t1) one obtains the corresponding two expressions
C(q, ω) and R(q, ω) which depend also on the specific value
of q and involve a sum over k of a linear combination of
δ(ω ± (k + k+q)) and δ(ω ± (k − k+q)) resulting from
the Fourier transform of the exponentials in the previous ex-
pressions. We first note that if ω > 0 and q are chosen in such
a way that ImR(q, ω) and C(q, ω) receive contributions from
δ(ω − (k + k+q)), then the remaining δ’s do not contribute,
as k + k+q > |k − k+q| for k 6= 0. On the other hand,
for a given ω and q, if a certain value k′ of the index k of the
sum contributes to C and R because ω = k′ + k′+q , then
also −k′ − q + 2pin (with integer n) does. This means that,
generically, the condition:
ω = ωk,q ≡ k + k+q (A12)
is satisfied (depending on q and ω) by either none or an even
number of values of k ∈ [0, 2pi], with at most four values, as a
direct inspection of Eq. (A12) as well as Fig. 2 show. In partic-
ular, from a more careful analysis of Eq. (A12), one concludes
that for |q| < qmax with qmax = 2 arccos min{Γ,Γ−1}, the
equation has at most two solutions which are related as dis-
cussed above. Based on this relationship and on the symme-
try properties of the Bogoliubov angles, one immediately con-
cludes that these two selected values of k results in the same
contribution both to C and to ImR and therefore
ImR(q, ωk,q)
C(q, ωk,q)
=
sin(θk + θk+q) (sin θk+q cos θk + sin θk cos θk+q)
(
cos2 ∆k+q cos
2 ∆k − sin2 ∆k+q sin2 ∆k
)
sin(θk + θk+q) (sin θk+q cos θk + sin θk cos θk+q)
(
cos2 ∆k+q cos2 ∆k + sin
2 ∆k+q sin
2 ∆k
)
=
cos2 ∆k+q cos
2 ∆k − sin2 ∆k+q sin2 ∆k
cos2 ∆k+q cos2 ∆k + sin
2 ∆k+q sin
2 ∆k
=
cos(2∆k+q) + cos(2∆k)
1 + cos(2∆k+q) cos(2∆k)
= tanh
(
λk + λk+q
2
)
,
(A13)
where in the last step we have used the fact that cos(2∆k) =
tanh(λk/2) [29]. In particular, taking into account that λk =
λ−k, one can use the previous relationship in order to ex-
tract some of the λk’s, e.g., by choosing q = −2k, with
ω = ωk,−2k = 2k and |k| < qmax/2. For |q| > qmax,
instead, Eq. (A12) can have more than two solutions (see
Fig. 2) which are not all related as discussed above and there-
fore the corresponding contributions to the correlation and re-
sponse functions are not necessarily equal and the resulting
ratio ImR/C depends in general also on θk.
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